We theoretically exploit a class of colloidal-crystal-based nonlinear optical materials, which are made of graded metallodielectric nanoparticles suspended in a host fluid. Such materials can have both an enhancement and a redshift of optical nonlinearity, due to the gradation inside the nanoparticles as well as the lattice effects arising from the periodic structure. Nonlinear optical phenomena form the basis for all optical devices like optically bistable switches and nonlinear directional couplers. The suitability of a material for these device applications requires a large magnitude of the thirdorder nonlinear optical susceptibility ͑3͒ . In general, many applications of nonlinear optics that have been demonstrated under controlled laboratory conditions could become practical for technological uses if such materials were available. Thus, finding nonlinear optical materials with large ͑3͒ is up to now a challenge. [1][2] [3] [4] [5] Graded materials are those whose properties vary gradually as a function of position. This gradation may occur naturally or may be a product of manufacturing processes. It was reported 2,3,6,7 that graded ͑inhomo-geneous͒ materials can show stronger nonlinear optical responses than the corresponding homogeneous ones. Colloidal crystals can be prepared via templated sedimentation, methods based on capillary forces, and electric fields.
Nonlinear optical phenomena form the basis for all optical devices like optically bistable switches and nonlinear directional couplers. The suitability of a material for these device applications requires a large magnitude of the thirdorder nonlinear optical susceptibility ͑3͒ . In general, many applications of nonlinear optics that have been demonstrated under controlled laboratory conditions could become practical for technological uses if such materials were available. Thus, finding nonlinear optical materials with large ͑3͒ is up to now a challenge. [1] [2] [3] [4] [5] Graded materials are those whose properties vary gradually as a function of position. This gradation may occur naturally or may be a product of manufacturing processes. It was reported 2,3,6,7 that graded ͑inhomo-geneous͒ materials can show stronger nonlinear optical responses than the corresponding homogeneous ones. Colloidal crystals can be prepared via templated sedimentation, methods based on capillary forces, and electric fields. [8] [9] [10] They exhibit body centered tetragonal ͑bct͒, body centered cubic ͑bcc͒, and face-centered cubic ͑fcc͒ structures, depending on the lattice constants and hence the volume fraction of colloidal particles. These structures can be investigated by using static and dynamic light scattering techniques. 11, 12 Colloidal-based optical sensors 13 and photonic-band-gap materials based on inverse opaline structures 14 have been made possible by these fabrication techniques. This work describes a class of colloidal-crystal-based nonlinear optical materials, which are made of graded metallodielectric nanoparticles ͑namely, a graded metallic core plus a dielectric shell͒ suspended in a host fluid.
Let us start by considering a tetragonal unit cell which has a basis of two colloidal nanoparticles each of which is fixed with an induced point dipole at its center. One of the two nanoparticles is located at a corner and the other one at the body center of the cell ͑Fig. 1͒. Its lattice constants are denoted by c 1 ͑=c 2 ͒ = ᐉq −1/2 and c 3 = ᐉq along x͑y͒ and z axes, respectively. In this case, the uniaxial anisotropic axis is directed along the z axis. The degree of anisotropy of the periodic lattice is measured by how q deviates from unity. In particular, q = 0.87358, 1.0, and 2 1/3 represents the bct, bcc, and fcc lattice, respectively. In general, for a colloidal crystal, the individual colloidal nanoparticles should be touching.
In fact, a colloidal crystal without the particles' touching can also be made if the colloidal nanoparticles are charged and stabilized by electrostatic forces. In this letter we shall investigate colloidal crystals with the particles' touching. With recent advancements in the fabrication of nanoshells, 15, 16 we are allowed to use a dielectric surface layer with thickness d on a graded metallic core with radius a, in order to activate repulsive ͑or attractive͒ force between the nanoparticles. This is also a crucial requirement because otherwise multipolar interaction between the metallic cores can be important. The dielectric constant ⑀ 1 ͑r͒ ͑r ഛ a͒ of the metallic core should be a radial function, because of a radial gradation. The dielectric constant ⑀ s of the surface layer can be the same as that ⑀ 2 of the host fluid, as to be used in the following. In this regard, the surface layer contributes to the geometric constraint c 1 2 + c 2 2 + c 3 2 =16͑a + d͒ 2 , rather than the effective optical responses. Owing to this constraint, it is found that the smallest q occurs at the bct lattice while the largest q occurs at the fcc. Meanwhile, we obtain a relation between q and the volume fraction p of the metallic component, p = ͓ / ͑24t 3 ͔͒ ϫ͓͑q 3 +2͒ / q͔ 3/2 , with thickness parameter t = ͑a + d͒ / a. When an external electric field E 0 is applied along the x axis, the induced dipole moment P are perpendicular to the uniaxial anisotropic axis. Then, the local field E L at the lattice point R = 0 can be determined by using the Ewald-Kornfeld formulation,
Here we have taken into account the influence of the localfield effect arising from all the other particles in the lattice ͑lattice effect͒. In Eq. ͑1͒, ␥ 1 and ␥ 2 are two coefficients given by, whose expressions were given by the Eqs. ͑6͒ and ͑7͒ in Ref. 17 u, v, and w are integers. In addition, x j and R j are given by x j = l − ͑j −1͒ / 2 and R j = ͉R − ͓͑j −1͒ /2͔͑ax + aŷ + cẑ͉͒, and the structure factor ⌸͑G͒ =1+exp͓i͑u + v + w͒ / ͔. Now we define a local field factor in transverse field cases, ␣ Ќ =3V c E L / ͑4P͒. It is worth noting that ␣ Ќ is a function of a single variable q. Also, there is a sum rule 2␣ Ќ + ␣ ʈ =3, 17, 18 where ␣ ʈ denotes the local field factor in longitudinal field cases. Here the longitudinal ͑or transverse͒ field case corresponds to the fact that the E field of the incident light is parallel ͑or perpendicular͒ to the uniaxial anisotropic z axis. For the bct, bcc and fcc lattices, we obtain ␣ Ќ = 0.95351, 1.0, and 1.0 ͑or alternatively ␣ ʈ = 1.09298, 1.0, and 1.0͒, respectively. If there are no special instructions, we shall use ␣ to denote both ␣ Ќ and ␣ ʈ in the following. Next, for obtaining the effective dielectric constant ⑀ e ͑which also indicates both ⑀ e Ќ and ⑀ e ʈ , the effective dielectric constants in transverse and longitudinal field cases, respectively͒ of the colloidal crystal, we resort to the anisotropic Maxwell-Garnett formula 5 with a high degree of accuracy 19 due to the explicit determination of ␣,
where the equivalent dielectric constant ⑀ 1 ϵ ⑀ 1 ͑r = a͒ for the graded metallic core can be obtained by solving d⑀ 1 ͑r͒ /dr = ͓⑀ 1 ͑r͒ − ⑀ 1 ͑r͔͓͒⑀ 1 ͑r͒ +2⑀ 1 ͑r͔͒ / ͓r⑀ 1 ͑r͔͒, 20,21 as long as the gradation profile ⑀ 1 ͑r͒ is given. Assuming both the host fluid and dielectric surface layer to be linear for convenience, the effective third-order nonlinear susceptibility e ͑3͒ for the graded colloidal crystal is given by
where the equivalent third-order nonlinear susceptibility 1 ͑3͒ ϵ 1 ͑3͒ ͑r = a͒ for the graded metallic core can be obtained by solving the nonlinear differential effective dipole approximation in Ref. 20 , as long as the gradation profile 1 ͑3͒ ͑r͒ is also given. Here the intrinsic weak third-order nonlinear susceptibility 1 ͑3͒ ͑r͒ satisfies the local constitutive relation between the displacement D 1 ͑r͒ and the electric field E 1 ͑r͒ inside the graded metallic core, D 1 ͑r͒ = ⑀ 1 ͑r͒E 1 ͑r͒ + 1 ͑3͒ ϫ͑r͉͒E 1 ͑r͉͒ 2 E 1 ͑r͒. In Eq. ͑3͒, ͗¯͘ denotes the volume average over the metallic region, and E lin the equivalent linear local electric field in the graded metallic core with the same gradation profile but with a vanishing nonlinear response at the frequency concerned. Both ͉͗E lin ͉ 2 ͘ and ͗E lin 2 ͘ can be expressed in the spectral representation as Ref. 22 .
The point of achieving the resonant plasma band shown in Fig. 2 is that one needs a sufficiently large gradient rather than a crucially particular form of the dielectric function or gradation profiles. To show the effects of gradation, we have adopted the Drude form ⑀ 1 ͑r͒ =1− p 2 ͑r͒ / ͓͑ + i␥͔͒ with a model plasma-frequency gradation profile p ͑r͒ = p ͑0͒͑1 − C r / a͒. One possible way to achieve such gradation is to fabricate a graded metallic core by using different noble metals as different layers inside the core. For focusing on the nonlinearity enhancement, we consider a model system where 1 ͑3͒ ͑r͒ = 1 ͑3͒ is a real and positive frequencyindependent constant and does not have a gradation profile. In this case, the equivalent nonlinear susceptibility 1 ͑3͒ ͑r͒ should still depend on r because of the radial function ⑀ 1 ͑r͒.
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For a given thickness of shell, when q varies from bct to bcc, to fcc lattices, the volume fraction p first decreases from bct, reaches a minimum at bcc, then increases again towards fcc ͑Table I͒. At the same time, the longitudinal local field factor ␣ ʈ decreases from 1.09 at bct lattices almost monotonically to 1 at bcc and fcc lattices. Thus, for the bct case, the large p and large ␣ ʈ should give rise to a large redshift ͑namely, the plasma resonant peak and band are caused to be located at lower frequencies͒ from the single particle case with p Ϸ 0 where the lattice effect disappears and only the gradation effect exists. For bcc lattices, the redshift should be the smallest due to small p and ␣ ʈ = 1, and hence for fcc lattices, the redshift should lie between those of bct and bct lattices. This is because ␣ does not change much while p changes significantly ͑Table I͒. From Fig. 2 , it is evident that for a given lattice, the effective linear and nonlinear responses depend strongly on the thickness parameter t. Both the redshift and strength of the plasma resonant peak or band is largest at smallest t ͓Figs. 2͑a͒ and 2͑b͔͒. This is a combination of the local field effect and the volume fraction effect in the colloidal crystal. However, for a given thickness parameter t, the dependence of these responses on the crystal structure is not prominent ͑no figures shown here͒. In fact, the plasma resonant band in Fig. 2 is caused to appear by the gradation, as discussed in Ref. 6 in which the results for the case of various C ͑and hence various degree of gradation͒ have also been reported. In comparison with the longitudinal field cases ͑Fig. 2͒, the framework of the responses in transverse field cases ͑no figure shown here͒ is slightly blueshifted ͑i.e., located at higher frequency͒. Owing to the volume fraction effect, this behavior is more evident for the smallest t, but small enough to be neglected at the largest t.
The difference between the results predicted in Fig. 2 is generally small because ␣ ʈ = 1.09298 is so close to ␣ Ќ = 0.95351. However, the small shift can actually be detected in experiments. We believe dielectrophoresis can offer a convenient way of preparing a colloidal crystal. 23 It is not unusual that one fabricates graded colloidal crystals by dielectrophoresis. In this case, the particles in a medium may have different dielectric properties but they must be of the same size ͑so as to form colloidal crystal͒. In a nonuniform applied field, the different particles experiences different dielectrophoretic forces according to their strength of polarization. In this way, one really fabricates graded colloidal crystals whose dielectric properties may vary along one direction. In this letter, we have considered uniform colloidal crystals of graded metallic particles. Regarding the fabrication of graded metallic spheres, a practical choice in experiments might possibly be to fabricate multilayered particles with or without dielectric anisotropy. 24, 25 In addition, metallic alloying can also be a promising means. In the latter, the dielectric function of the particles no longer obeys the Drude form, and the theoretical calculations are formidable because it involves a Green function formalism for band structure, and a linear response theory ͑i.e., Kubo formula͒ for transport properties. 26 In summary, we theoretically exploit a class of nonlinear optical materials based on colloidal crystals of graded metallodielectric nanoparticles. Such materials can have both an enhancement and a redshift of optical nonlinearity, due to the gradation inside the metallic core as well as the lattice effects arising from the periodic structure. 2 TABLE I. The volume fraction p of the metallic component for bct ͑i.e., q = 0.87358 or ␣ ʈ = 1.09298͒, bcc ͑i.e., q = 1.0 or ␣ ʈ = 1.0͒ and fcc ͑i.e., q =2 1/3 or ␣ ʈ = 1.0͒ lattices at various thickness parameter t. 
